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$EVWUDFW

$XWRQRPRXV�QDYLJDWLRQ�DSSOLFDWLRQV�GHPDQG�VHQVRUV�ZLWK
D� ORZ� VDPSOH� WLPH� WR� EH� DEOH� WR� LQFUHDVH� VSHHG�� 6WHUHR
YLVLRQ� DOJRULWKPV� WKDW� SURGXFH� D� GHQVH� GLVSDULW\� PDS
SUHVHQW�D� VORZ� WLPH� UHVSRQVH� �KDOI� D�PLQXWH� SHU� IUDPH�DW
KLJK�UHVROXWLRQ���:H�KDYH�GHYHORSHG�D�QHZ� FRVW� IXQFWLRQ
IRU� G\QDPLF� SURJUDPPLQJ� VWHUHR� DOJRULWKPV�� FDSDEOH� WR
GHOLYHU� GHQVH� GLVSDULW\� PDSV� IRU� VLQJOH�� KLJK�UHVROXWLRQ
VFDQOLQHV� DW� KLJK� VSHHG� ���� PV�OLQH��� HYHQ� IRU� ZLGH
GLVSDULW\�UDJHV��!������:H�KDYH�WHVWHG�WKH�DOJRULWKP�ZLWK
ERWK� V\QWKHWLF� DQG�UHDO� LPDJH�� DQG�ZH� KDYH� FRPSDUHG� LWV
SUDFWLFDO� SHUIRUPDQFH� ZLWK� RWKHU� G\QDPLF� SURJUDPPLQJ
DOJRULWKPV��2XU�FRVW� IXQFWLRQ�LV�EDVHG�RQ�D�ZHLJKWHG�VXP
RI�WKH�VTXDUHG�LQWHQVLW\�HUURUV��:HLJKW�IDFWRUV�DUH�EDVHG�RQ
JUDGLHQW�YDOXHV��7KH�RFFOXVLRQ�FRVW� LV�QRW�FRQVWDQW� IRU� WKH
ZKROH� LPDJH��LQVWHDG�ZH�PRGLI\� LW�GHSHQGLQJ�RQ�JUDGLHQW
YDOXHV�RI�PDWFKHG�SRLQWV��,Q�WKLV�SDSHU�ZH�SUHVHQW�WKLV�FRVW
IXQFWLRQ�� DQG� FRPSDUH� LWV� SHUIRUPDQFH� IRU� DXWRQRPRXV
QDYLJDWLRQ� DSSOLFDWLRQV�ZLWK� RWKHU� G\QDPLF� SURJUDPPLQJ
VROXWLRQV�

�� ,QWURGXFWLRQ

$XWRQRPRXV� QDYLJDWLRQ� DSSOLFDWLRQV� GHPDQG� ORZ� VDPSOH
WLPH� VHQVRUV� WR� EH� DEOH� WR� LQFUHDVH� VSHHG�� 7UDGLWLRQDOO\�
VWHUHR�YLVLRQ�DOJRULWKPV�SUHVHQWHG�KLJK�FRPSXWDWLRQ�WLPHV
GXH� WR� WKH� FRPSOH[LW\� RI� WKH� DOJRULWKPV�� 6RPH� UHDO�WLPH
DSSOLFDWLRQV� KDYH� EHHQ� UHSRUWHG�� ZKLFK� SURYLGHV� GHSWK
FDOFXODWLRQ� DW� UHDO�WLPH�� EXW� WKH\� DUH� XVXDOO\� EDVHG� RQ
KLJKO\� VSHFLDOL]HG� KDUGZDUH�� PHDQLQJ� D� KLJK� SULFH�� :H
KDYH� WULHG� WR� ILQG� DQ� DOJRULWKP� FDSDEOH� WR� SURYLGH
UHDVRQDEO\� JRRG� GHSWK� HVWLPDWLRQV�� LQ� UHDO�WLPH�� DQG� IRU
ODUJH�GLVSDULW\�UDQJHV�

7KH� NH\� SUREOHP� LQ� VWHUHR� YLVLRQ� LV� WR� HVWDEOLVK� WKH
FRUUHFW�VHW�RI� FRUUHVSRQGHQFHV� DPRQJ� VHOHFWHG� IHDWXUHV� LQ
WZR�RU�PRUH�LPDJHV�WDNHQ�DW�WKH�VDPH�WLPH��&RUUHFWQHVV�LV

PHDVXUHG�� LQ�JHQHUDO�� E\� D� FRVW� IXQFWLRQ� WKDW� LQFRUSRUDWHV
WHUPV� IRU� VLPLODULW\� DQG� VPRRWKQHVV� FRQVWUDLQWV�� 7KH
PDWFKLQJ� SUREOHP� LV� WKHUHIRUH� VWDWHG� DV� D� FRQVWUDLQHG
PLQLPL]DWLRQ�SUREOHP��0DQ\�GLIIHUHQW�VROXWLRQV�KDYH�EHHQ
SURSRVHG�� 7KH\� FDQ� EH� FODVVLILHG� DFFRUGLQJ� WR� WKH
FKDUDFWHULVWLFV� RI� WKH� RSWLPL]DWLRQ� DOJRULWKP�� WKH� NLQG� RI
LPDJH� IHDWXUHV� VHOHFWHG�� WKH� ZD\� WKH\� DUH� GHVFULEHG� DQG
ZKHWKHU�WKH\�DUH�PXOWLUHVROXWLRQ�RU�QRW�� ,Q�DGGLWLRQ��VRPH
DOJRULWKPV� LQWHJUDWH� GLIIHUHQW� NLQG� RI� LPDJH� GHVFULSWLRQV
DQG� HYHQ� WKH\� LQWHJUDWH� GLIIHUHQW� GHSWK� FXHV� �YHUJHQFH�
GHSWK�IURP�IRFXV��

$PRQJ� WKLV� YDULHW\� RI� DOJRULWKPV�� WKRVH� EDVHG� LQ
G\QDPLF�SURJUDPPLQJ�SUHVHQW�QLFH�FKDUDFWHULVWLFV�IRU�UHDO�
WLPH� DSSOLFDWLRQV�� '\QDPLF� SURJUDPPLQJ� LV� DQ� HIILFLHQW
ZD\� WR� PLQLPL]H� D� IXQFWLRQ� RI� PDQ\� GLVFUHWH� YDULDEOHV�
(SLSRODU�JHRPHWU\�DOVR�FRQWULEXWHV� WR�VSHHG�XS�WKH�VHDUFK
IRU� DQ� RSWLPXP� VHW� RI� PDWFKHV� EHFDXVH� LW� UHGXFHV� WKH
VHDUFK� VSDFH� WR� RQH� GLPHQVLRQ�� -RLQLQJ� ERWK� WRROV�� DQG
DVVXPLQJ�RUGHULQJ� FRQVWUDLQWV�� VHDUFK� IRU� FRUUHFW�PDWFKHV
EHFRPHV� D�PLQLPXP� FRVW� SDWK�ILQGLQJ� SUREOHP�� (YHQ� LQ
WKLV�FDVH��DOJRULWKP�SHUIRUPDQFH�ZLOO�GHSHQG�RQ�WKH�VHW�RI
LPDJH�IHDWXUHV�VHOHFWHG��WKH�ZD\�WR�HVWDEOLVK�WKH�VHDUFK�DQG
WKH�VKDSH�RI�WKH�FRVW�IXQFWLRQ�

&R[� HW� DO�� KDYH� SURSRVHG� D� PD[LPXP� OLNHOLKRRG
DOJRULWKP�LQGHSHQGHQW�RI�VHOHFWHG�PDWFKLQJ�SULPLWLYHV�� ,Q
WKHLU�H[SHULPHQWV�� WKH\�XVH� LQGLYLGXDO�SL[HO� LQWHQVLWLHV� IRU
WKH� PDWFKLQJ� SURFHVV�� 5HVXOWLQJ� DOJRULWKP� SURYLGHV� D
GHQVH� GLVSDULW\� PDS� ZLWKRXW� UHTXLULQJ� IHDWXUH� H[WUDFWLRQ�
DQG�DYRLGV�WKH�DGDSWLYH�ZLQGRZLQJ�SUREOHP�RI�DUHD�EDVHG
FRUUHODWLRQ�PHWKRGV��5HVXOWLQJ�FRVW�IXQFWLRQ�LV�YHU\�VLPSOH
EXW� SUHVHQWV� PXOWLSOH� JOREDO� PLQLPD�� 7R� GHDO� ZLWK� WKLV
SUREOHP�� WKH\� LQWURGXFH� FRKHVLYLW\� FRQVWUDLQWV� E\
VHDUFKLQJ� IRU� WKH� VROXWLRQ� WKDW� PLQLPL]HV� WKH� QXPEHU� RI
LQWUD��DQG�LQWHU�VFDQOLQHV�GLVSDULW\�GLVFRQWLQXLWLHV�

,QWLOOH�DQG�%RELFN�SURSRVHG�D�GLIIHUHQW�DSSURDFK��7KH\
EDVHG�WKHLU�DOJRULWKP�RQ�D�GDWD�VWUXFWXUH�FDOOHG�'LVSDULW\�
6SDFH� ,PDJH�� DQG� XVHG� LW� WR� ORRN� IRU� PDWFKHV� DQG



RFFOXVLRQV� VLPXOWDQHRXVO\�� 7R� DYRLG� PXOWLSOH� JOREDO
PLQLPD�� WKH\�IRUFHG� WKH� FRUUHFW�SDWK�WR�SDVV� WURXJK� VRPH
SRLQWV� FDOOHG�*URXQG�&RQWURO�3RLQWV� �*&3���7KRVH� SRLQWV
DUH� FRUUHFW� PDWFKHV� GHWHUPLQHG�� E\� FRUUHODWLRQ�� LQ� D
SUHYLRXV�VWHS�WR�WKH�G\QDPLF�SURJUDPPLQJ�DOJRULWKP��7KH
FRVW�RI�DYRLGLQJ�D�*&3�LV�LQILQLWXP��2WKHU�DOJRULWKPV�XVH
FRVW�IXQFWLRQV�EDVHG�RQ�FRUUHODWLRQ�IDFWRUV��EXW�DV�RXW�PDLQ
LQWHUHVW� ZDV� WR� REWDLQ� D� IDVW� DOJRULWKP�� ZH� ORRNHG� IRU
VLPSOH�� IDVW� FRVW� IXQFWLRQV�� EXW� VWLOO� DEOH� WR� SURGXFH� JRRG
GLVSDULW\�HVWLPDWLRQV�

6HFWLRQ���RI�WKH�SDSHU�GHVFULEHV�RXU�FRVW�IXQFWLRQ��)LUVW
ZH� LQWURGXFH� WKH� JHQHUDO� VFKHPD� RI� '3� DOJRULWKP�� DQG
GHVFULEH�VLPSOH�FRVW� IXQFWLRQV�SUHYLRXVO\�SXEOLVKHG��7KHQ
ZH� FULWLFL]H� WKRVH� IXQFWLRQV� DQG� SURSRVH� D� QHZ� FRVW
IXQFWLRQ�� 6HFWLRQ� �� SUHVHQWV� WKH� UHVXOWV� RI� RXU� WHVWV�
FRPSDULQJ� RXU� FRVW� IXQFWLRQ� ZLWK� RWKHUV�� 6HFWLRQ� �
VXPPDUL]HV�RXU�FRQFOXVLRQV�

�� &RVW�)XQFWLRQ�'HILQLWLRQ�

���� 6FKHPD�RI�D�JHQHULF�'3�$OJRULWKP

7R� DSSO\� D� G\QDPLF� SURJUDPPLQJ� �GS�� DOJRULWKP�� D� FRVW
IXQFWLRQ� WR�PHDVXUH� WKH�TXDOLW\� RI� WKH� VROXWLRQ� KDV� WR� EH
GHILQHG��2I� FRXUVH�� IRU� D� JLYHQ� SDLU� RI� LPDJHV�� RSWLPXP
VROXWLRQ� �PLQLPXP� FRVW�� ZLOO� YDU\� IRU� GLIIHUHQW� FRVW
IXQFWLRQV��6HDUFK�VSDFH�PD\�EH�YLHZHG�DV�D�VTXDUH�PDWUL[�
ZKHUH� HDFK�QRGH�1LM� UHSUHVHQWV� WKH� FRVW� RI� PDWFKLQJ� WKH
ILUVW�L�IHDWXUHV�RI�WKH� OHIW� LPDJH�ZLWK�WKH� M� ILUVW� IHDWXUHV�RI
WKH�ULJKW�RQH��$VVXPLQJ�WKDW�WKH�RUGHULQJ�FRQVWUDLQW�DSSO\�
WKH�FRVW�RI�DGGLQJ�D�QHZ�QRGH�FDQ�EH�

��� ZKHQ�IHDWXUH�L�PDWFKHV�IHDWXUH�M��FRVW�ZLOO�EH�WKDW�RI
WKH�PDWFK�

��� ZKHQ� IHDWXUH� L� GRHVQ
W� DSSHDU� DPRQJ� WKH� M� ILUVW
IHDWXUHV�RI�ULJKW�LPDJH��L�LV�D�OHIW�RFFOXVLRQ�IHDWXUH�

��� ZKHQ� IHDWXUH� M� GRHVQ
W� DSSHDU� DPRQJ� WKH� L� ILUVW
IHDWXUHV�RI�OHIW�LPDJH��M�LV�D�ULJKW�RFFOXVLRQ�IHDWXUH�
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)LJXUH����3RVVLEOH�SDWKV�DQG�FRVWV�XQGHU�RUGHULQJ
FRQVWUDLQW�DVVXPSWLRQ�

7KRVH� GLIIHUHQW� FRVW� YDOXHV� GHILQH� WKH� VKDSH� RI� WKH
VHDUFK� VSDFH�� 6RPH� DXWKRUV� KDYH� VHOHFWHG� HGJHV� DV
SULPLWLYHV�WR�EH�PDWFKHG��$OWKRXJK�HGJHV�DUH�PRUH�UHOLDEOH
FDQGLGDWHV� IRU� PDWFKHV�� WKLV� NLQG� RI� DOJRULWKPV� ZLOO
SURGXFH� VSDUVH� GHSWK� HVWLPDWLRQV�� 2Q� WKH� RWKHU� KDQG�

PDWFKLQJ�SL[HO�LQWHQVLWLHV�LV�PRUH�VHQVLWLYH�WR�QRLVH�LQ�WKH
LPDJH�

:RUNLQJ� ZLWK� HSLSRODU� LPDJHV�� FRUUHFW� PDWFKHV� DUH
UHVWULFWHG�WR�OLH�LQ�WKH�VDPH�VFDQOLQH��5HVXOWLQJ�FRPSOH[LW\
RI� WKH� DOJRULWKP� LV� 2�Q� P� ∆G��� ZKHUH� Q�� P� DUH� LPDJH
GLPHQVLRQV�DQG�∆G�LV�WKH�GLVSDULW\�UDQJH��,Q�JHQHUDO��DV�∆G
LV� VPDOO� FRPSDUHG�WR� LPDJH�GLPHQVLRQV�� LV�QHJOHFWHG� DQG
FRPSOH[LW\� LV�SURSRUWLRQDO� WR� WKH�QXPEHU� RI� SL[HOV� LQ� WKH
LPDJH�� ,Q� UHDO�WLPH� DSSOLFDWLRQV� LW� LV� LPSRUWDQW� WR
GHWHUPLQH�WKH�SURSRUWLRQDOLW\� IDFWRU�EHFDXVH�� LW�ZLOO�DIIHFW
GLUHFWO\�WKH�ILQDO�H[HFXWLRQ�WLPH�

&R[� HW� DO�� GHULYHV� D� FRVW� IXQFWLRQ� EDVHG� RQ� SL[HO
LQWHQVLW\� GLIIHUHQFHV�� 7KH\� DVVXPH� WKDW� SL[HO� LQWHQVLW\
IROORZV�D�QRUPDO�GLVWULEXWLRQ�RI�NQRZQ�YDULDQFH��&RVW�RI�D
PDWFK�WDNHV�WKH�IRUP�RI�D�VXP�RI�VTXDUHG�HUURUV��2FFOXVLRQ
FRVW�LV�FRQVWDQW�IRU�WKH�ZKROH�LPDJH��DQG�LWV�YDOXH�GHSHQGV
RQ�JUD\�GLVWULEXWLRQ�YDULDQFH�DQG�HVWLPDWLRQ�RI�WKH�QXPEHU
RI� RFFOXGHG� SRLQWV� LQ� WKH� LPDJH�� 7KH\� DOVR� DSSO\� D
FRKHVLYLW\� FRQVWUDLQW�� LPSOHPHQWLQJ� D� VHDUFK� IRU� WKH
VROXWLRQ�ZLWK�IHZHU�GLVFRQWLQXLWLHV�LQ�GLVSDULW\�YDOXHV�

,QWLOOH�DQG�%RELFN�IDFHG�WKH�SUREOHP�LQ�D�GLIIHUHQW�ZD\�
)LUVW�WKH\�EXLOW�WKH�'LVSDULW\�6SDFH� ,PDJH�� EDVHG�RI�SL[HO
LQWHQVLW\�GLIIHUHQFHV�IRU�D�VHW�RI�GLVSDULW\�YDOXHV��7R�UHGXFH
WKH� HIIHFW� RI� QRLVH�� FRPSXWDWLRQ� LV� GRQH� XVLQJ� D� ZLQGRZ
FHQWHUHG� LQ� WKH�SL[HO��$V� IODW� DUHDV� LQ� WKH� LPDJH� SURGXFH
IODW�DUHDV�LQ�WKH�VHDUFK�VSDFH��WKH\�LQWURGXFH�WKH�FRQFHSW�RI
*URXQG� &RQWURO� 3RLQWV�� UHVWULFWLQJ� YDOLG� VROXWLRQV� WR� JR
WKURXJK�WKHVH�SRLQWV��*URXQG�&RQWURO�3RLQWV�DUH�VXSSRVHG
WR� EH� FRUUHFW� PDWFKHV� DQG� WKH\� DUH� GHWHUPLQHG� LQ� D
SUHYLRXV�VWHS�E\�FRUUHODWLRQ�

���� $Q�DGDSWLYH�FRVW�IXQFWLRQ

$�FRVW�IXQFWLRQ�KDV�WZR�GLIIHUHQW�SDUWV�WR�EH�GHILQHG�
D�� 7KH�LQFUHPHQWDO�FRVW�RI�D�PDWFK�
E�� 7KH�FRVW�RI�RFFOXGHG�UHJLRQV�

LQWHQVLW\

SRVLWLRQ

LQWHQVLW\

SRVLWLRQ

O� O� O� O� O� U� U� U� U� U�

)LJXUH����4XDQWL]DWLRQ�QRLVH�HIIHFW

,Q� JHQHUDO�� VLPSOH� FRVW� IXQFWLRQV� GRHVQ
W� LQFOXGH� DQ\
IDFWRU�UHODWHG�WR�WKH�FRQILGHQFH�OHYHO�IRU�WKH�PDWFK��)LJXUH
��SUHVHQWV�D�FRQWRXU�SRLQW��O���WKDW�LV�WR�EH�PDWFKHG��'XH�WR
TXDQWL]DWLRQ�QRLVH��LQWHQVLW\�GLIIHUHQFH�EHWZHHQ�O��DQG�U��LV
OHVV� WKDQ� EHWZHHQ� O�� DQG� U��� ZKLFK� VKRXOG� EH� WKH� FRUUHFW
PDWFK��,I�ZH�ZHLJKW�GH�LQWHQVLW\�HUURU�LQYHUVHO\�WR�JUDGLHQW
YDOXH�� WKH� PDWFK� �O��U��� ZLOO� EHFDPH� OHVV� H[SHQVLYH� WKDQ
�O��U����7R�DFKLHYH�WKLV�JRDO��ZH�LQWURGXFH�XVH� WKH�PHDVXUH
RI�HYLGHQFH�GHILQHG�E\�6FKDUVWHLQ��(YLGHQFH�LQFOXGHV� LQ�D



VLQJOH� YDOXH� VLPLODULW\� DQG� FRQILGHQFH�� *LYHQ� D� SL[HO� RQ
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LV� WKH�GLVSDULW\�DQG� α � LV�D�SDUDPHWHU� WR�EDODQFH
ERWK� WHUPV�� WKH� ILUVW� RQH� DFFRXQWLQJ� IRU� WKH� FRQILGHQFH
OHYHO�� DQG� WKH� VHFRQG� RQH� IRU� VLPLODULW\��:H� FKDQJH� WKLV
GHILQLWLRQ� WR� REWDLQ� DQ� LQYHUVH� PHDVXUH� RI� HYLGHQFH�� :H
FDOO�WKLV�QHZ�PHDVXUH�0RGLILHG�(YLGHQFH�
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)LJXUH���VKRZV�WKH�FRQWRXU�SORW�RI� WKH�PRGLILHG� HYLGHQFH
PHDVXUHPHQW�� 0(� UDQJHV� IURP� �� IRU� WZR� SRLQWV� ZLWK
DEVROXWH�JUDGLHQW�YDOXHV�RI������DQG���IRU�RSSRVLWH�JUDGLHQW
YDOXHV��3RLQWV�LQ�SODQDU�UHJLRQV�KDYH�D�PRGLILHG� HYLGHQFH
RI������$�SRLQW�ZLWK� ORZ�PRGLILHG� HYLGHQFH�ZLOO� SURGXFH
DOZD\V�D�ORZ�LQFUHDVH�LQ�WKH�FRVW�RI�WKH�SDWK�JRLQJ�WKURXJK
WKDW�QRGH�� ,Q� IDFW��0(� LV� RQO\� D� IXQFWLRQ� RI� WKH� JUDGLHQW
YDOXH��VR�ZH�ZLOO�XVH�WKH�IROORZLQJ�UHSUHVHQWDWLRQ�
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ZKHUH�U�LV�WKH�URZ�EHHQ�VWXGLHG��DQG�L�M�DUH�WKH�SRVLWLRQ�RI
FDQGLGDWHV� DORQJ� WKH� VFDQ� OLQH��'XH� WR� WKLV� FKDUDFWHULVWLF�
0(�FDQ�EH�WDEXODWHG�HDVLO\�
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&RQWRXU�PDS�RI�PRGLILHG�HYLGHQFH

)LJXUH����&RQWRXU�PDS�RI�PRGLILHG�HYLGHQFH

7KH�RWKHU�NH\�IDFWRU�RI�WKH�FRVW�IXQFWLRQ�LV�WKH�FRVW�IRU
DQ�RFFOXVLRQ��,I�WKLV�FRVW�LV�VHW�WR����WKHQ�D� WULYLDO�VROXWLRQ
RFFOXGLQJ�HYHU\�SRLQW� LQ� WKH� LPDJH�ZLOO� DOZD\V�EH� IRXQG�
7KH� FRVW� RI� D� NQRZQ� RFFOXGHG� SRLQW� VKRXOG� EH� ]HUR�
EHFDXVH� LW�LV�D�JRRG�PDWFK��2Q�WKH�RWKHU�KDQG�WKH� FRVW� RI
ZURQJ� RFFOXVLRQ� SRLQW� VKRXOG� EH� LQILQLWXP� EHFDXVH� LW

ZRXOGQ
W�EH�DOORZHG��,I� WKH�FRVW� LV�NHSW�FRQVWDQW��ZH�KDYH
UHIXVHG�WR�LGHQWLI\�RFFOXGHG�SRLQWV�

,W� LV� YHU\� GLIILFXOW� WR� LGHQWLI\� RFFOXVLRQ� SRLQWV� LQ� DQ
LPDJH��6HYHUDO�UXOHV� FDQ�EH�DSSOLHG��2FFOXVLRQ�SRLQWV� DUH
UHODWHG�WR�GLVSDULW\�GLVFRQWLQXLWLHV��DQG� WKH\�DSSHDU� LQ� WKH
FRQWRXU� RI� REMHFWV�� VR� WKHUH� LV� D� UHODWLRQ� EHWZHHQ
RFFOXVLRQV� DQG� JUDGLHQW� YDOXHV�� 7KLV� UHODWLRQ� LV� QRW
VWUDLJKWIRUZDUG�EHFDXVH�QRW�HYHU\�FKDQJH�LQ�WKH�LQWHQVLW\�LV
FDXVHG�E\�DQ�REMHFW�ERXQGDU\��,Q�IDFW�� WKH�PDMRULW\�RI� WKH
RFFOXVLRQV�IROORZ�WKH�IROORZLQJ�SDWWHUQV�

D�� /HIW� RFFOXVLRQV�� 6WDUW� LQVLGH� DQ� REMHFW� �D
UHODWLYHO\� IODW�DUHD�RI� WKH� LPDJH�� DQG� ILQLVK� LQ
DQ� REMHFW� ERXQGDU\� �QRW� QHFHVVDULO\� D� SRLQW
ZLWK�KLJK�JUDGLHQW��

E�� 5LJKW� RFFOXVLRQV�� 6WDUW� LQ� WKH� FRQWRXU� RI� DQ
REMHFW� DQG� ILQLVK� LQ� UHODWLYHO\� IODW� DUHD� RI� WKH
LPDJH��LQVLGH�DQRWKHU�REMHFW��

6ODQWHG�VXUIDFHV�LQWURGXFH�D�GLIIHUHQW�NLQG�RI�RFFOXVLRQ
SRLQWV��WKRVH�GHULYHG�D�FRQWLQXRXVO\�FKDQJLQJ�GHSWK��7KHVH
SRLQWV�DUH�QRW�UHDO�RFFOXVLRQV��EXW�D�GLVFUHWH�DOJRULWKP�VXFK
DV� G\QDPLF� SURJUDPPLQJ� KDV� WR� LQWURGXFH� DQ� RFFOXVLRQ
SRLQW�WR�DOORZ�D�MXPS�LQ�GLVSDULW\�

,Q�'3�DOJRULWKPV� LW� LV�QRW� SRVVLEOH� WR� WDNH� D� GHFLVLRQ
EDVHG�RQ�IXWXUH�RQHV��VR� LW� LV�LPSRVVLEOH� WR�NQRZ�ZKHUH�D
OHIW� RFFOXVLRQ� VWDUWV� RU� HQGV�� ,Q� DQ\� FDVH�� DQG� WU\LQJ� WR
LQWURGXFH� WKH� NQRZOHGJH� ZH� KDYH� DW� HDFK�PRPHQW� DERXW
RFFOXVLRQV��ZH� KDYH�PRGHOHG� WKH� FRVW� RI� RFFOXVLRQV� DV� D
IXQFWLRQ�RI�WKH�PRGLILHG�HYLGHQFH��,I�D�FDQGLGDWH�PDWFK�KDV
D�ORZ�PRGLILHG�HYLGHQFH�YDOXH��LW�LV�SUREDEO\�D�FRUUHFW�RQH�
DQG�WKHUHIRUH�RFFOXVLRQ� FRVW� VKRXOG� EH� YHU\� KLJK��2Q� WKH
RWKHU�KDQG�� LI� WKH�PRGLILHG� HYLGHQFH� LV� VPDOO� WKHUH� LV� QR
LQIRUPDWLRQ�WR�GHWHUPLQH�LI� WKH�PDWFK�LV� FRUUHFW� RU� LI� LW� LV
DQ� RFFOXVLRQ�� DSDUW� IURP� WKH� LQWHQVLW\� GLIIHUHQFH� EHWZHHQ
ERWK� SRLQWV�� 7KH� IRUP� RI� RXU� FRVW� IXQFWLRQ� IRU� RFFOXGHG
SRLQWV�LV�
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ILJXUH� �� VKRZV� WKH� VKDSH� RI� WKLV� IXQFWLRQ� IRU� GLIIHUHQW
YDOXHV�� 2FFOXVLRQ� FRVW� FDQ� DOVR� EH� HDVLO\� WDEXODWHG� WR
UHGXFH� H[HFXWLRQ� WLPH�� 7KH� RYHUDOO� FRVW� IXQFWLRQ� IRU� RXU
DOJRULWKP�SUHVHQWV���SDUDPHWHUV�

•� .��� UHSUHVHQWV� WKH�PLQLPXP� FRVW� RI� DQ� RFFOXVLRQ�
7KLV� VKRXOG� EH� VOLJKWO\� ELJJHU� WKDQ� WKH� PD[LPXP
DOORZHG�GLIIHUHQFH�LQ�JUD\�OHYHO��)RU�H[DPSOH��IRU�D
PD[LPXP� FKDQJH� LQ� LQWHQVLW\� RI� ��� OHYHOV�
DVVXPLQJ� JUDGLHQW� ]HUR� IRU� ERWK� SRLQWV�� .�� VKRXOG
EH�������������

•� .���UHSUHVHQWV�D�JHQHUDO�IDFWRU�WR�LQFUHDVH�RFFOXVLRQ
FRVW�

•� .��� GHWHUPLQHV� WKH� UDWH� RI� FKDQJH� LQ� WKH� YDULDEOH
SDUW�RI�RFFOXVLRQ�FRVW�
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)LJXUH����6KDSH�RI�2FFOXVLRQ�&RVW�IXQFWLRQ�

�� ([SHULPHQWDO�5HVXOWV

$V� RXU� FODLP� LV� EDVLFDOO\� UHODWHG� ZLWK� WKH� SUDFWLFDO
DSSOLFDWLRQ�RI�WKH�DOJRULWKP��LWV�YDOLGDWLRQ�GHSHQGV�RQ�WKH
H[SHULPHQWDO� UHVXOWV� DFKLHYHG�� :H� WHVWHG� WKLV� DOJRULWKP
H[WHQVLYHO\� XVLQJ� ERWK� V\QWKHWLF� DQG� UHDO� LPDJHV�� :H
PHDVXUHG�LWV�VHQVLWLYLW\� WR� WKH�SDUDPHWHUV�� WR�QRLVH� DQG� WR
LQFUHDVLQJ� GLVSDULW\� UDQJHV�� :H� DOVR� FRPSDUHG� WKLV
DOJRULWKP�ZLWK�&R[�DOJRULWKP��DQG�ZLWK�WKH� VLPSOHVW� FRVW
IXQFWLRQ�� WKH� VXP� RI� VTXDUHG� LQWHQVLW\� GLIIHUHQFHV�� ZLWK
FRQVWDQW� RFFOXVLRQ� FRVW�� :H� GLGQ
W� FKHFN� ,QWLOOH
V
DOJRULWKPV� EHFDXVH� VRPH� DVSHFWV� RI� LWV� LPSOHPHQWDWLRQ
ZHUH�QRW�FOHDU��EDVLFDOO\��WKH�DFWXDO�ZD\�WR�GHWHUPLQH�*&3�
&R[�DOJRULWKP�LPSOHPHQWDWLRQ�LV�DYDLODEOH�RQ�WKH�QHW��DQG
RQO\�PRGLILHG�WKDW�LPSOHPHQWDWLRQ�WR�UHGXFH�WKH�DPRXQW�RI
G\QDPLF�PHPRU\�DOORFDWLRQ��UHSODFLQJ�G\QDPLF�DOORFDWLRQ
ZLWK�VWDWLF�DUUD\V�

7KH�PDLQ�GLIILFXOW\� LQ� WHVWLQJ� VWHUHR� DOJRULWKPV� LV� WKH
ODFN� RI� JURXQG� WUXWK� LQIRUPDWLRQ�� ,Q� JHQHUDO� RQO\� SULQWHG
LPDJHV�DUH�DYDLODEOH��6R� LW� LV� YHU\�XVXDO� WR�REWDLQ� VLPLODU
GLVSDULW\� PDSV� ZLWKRXW� EHHQ� DEOH� WR� VWDWH� ZKLFK� RQH� LV
PRUH� DFFXUDWH�� /DWHO\�� WKHUH� LV� DQ� LQFUHDVLQJ� LQWHUHVW� LQ
SURYLGLQJ�IXOO�LQIRUPDWLRQ�WHVW�LPDJHV��)U|KOLQJKDXV�JLYHV
SXEOLF�DFFHVV�WR�D�V\QWKHWLF�VWHUHR�LQFOXGLQJ�GHQVH�JURXQG
WUXWK� LQIRUPDWLRQ� DQG� RFFOXVLRQ� PDSV� IRU� ERWK� OHIW� DQG
ULJKW�LPDJHV��,Q�DGGLWLRQ��WKH�VDPH�VWHUHR�SDLU�LV�DYDLODEOH
ZLWK�GLIIHUHQW�QRLVH�OHYHOV�

:H� KDYH� UXQ� WKH� DOJRULWKP� IRU� ���� GLIIHUHQW
FRPELQDWLRQV�RI� WKH�SDUDPHWHUV�� [ ]������.

�
∈ � ��� WR���� LQ

JUD\�GLIIHUHQFH��� [ ]����.
�

∈ �DQG� [ ]��������.
�

∈ �� IRU� HYHU\

QRLVH� OHYHO��:H� DOVR� UXQ�&R[�DOJRULWKPV� IRU� ��� GLIIHUHQW
SDUDPHWHU� FRQILJXUDWLRQV�� 7DEOHV� �� DQG� �� UHVXPH� WKH
UHVXOWV�RI�WKH�WHVWV�DQG�ILJXUHV���DQG���SURYLGHV�D�JUDSKLFDO
UHSUHVHQWDWLRQ�RI�WKH�GDWD�

�D��E�

�F��G�
)LJXUH� ��� )U|KOLQJKDXV� V\QWKHWLF� VWHUHR� SDLU�� �D�� OHIW

LPDJH���E��ULJKW�LPDJH���F��H[SDQGHG��[�������OHIW�GLVSDULW\
PDS���G��/HIW�RFOXVLRQ�PDS�

QRLVH 0HDQ VWG PD[� PLQ�

� ���� ��� ����� �����

� ���� ��� ����� �����

�� ���� ��� ��� �����

��� ������ ���� ����� �����

WDEOH����3HUFHQWDJH�RI�FRUUHFW�PDWFKHV�IRU�RXU�DOJRULWKP�

QRLVH 0HDQ VWG PD[� PLQ�

� ����� ���� ��� �����

� ����� ���� ����� �����

�� ��� ���� ����� ������

��� ����� ���� ����� ����

WDEOH����3HUFHQWDJH�RI��FRUUHFW�PDWFKHV�IRU�&R[�DOJRULWKP�

5HVXOWV� IRU� WKH� VLPSOHVW� FRVW� IXQFWLRQ� DUH� RPLWWHG
EHFDXVH� IRU� HYHU\� SDUDPHWHU� FKRLFH� WKHUH� ZHUH� FOHDUO\
LQIHULRU�WR�WKH�RWKHU�DOJRULWKPV�

)RU� QRLVHOHVV� LPDJHV�� ERWK� DOJRULWKPV� SHUIRUP� TXLWH
ZHOO�� 2XU� DOJRULWKP� SUHVHQWV� D� ZLGHU� H[FXUVLRQ� LQ
SHUIRUPDQFH��EXW�LQ�JHQHUDO��PHDQ�YDOXH��LV�VLPLODU�WR�&R[
DOJRULWKP��$V�QRLVH�OHYHO� LQFUHDVH�RXU�DOJRULWKP�SHUIRUPV
EHWWHU� QRW� RQO\� LQ� WKH� DYHUDJH� FDVH�� EXW� DOVR� ZKHQ
SDUDPHWHUV� DUH� FRUUHFWO\� WXQHG�� 2XU� DOJRULWKP� SUHVHQWV� D
VPDOO�H[FHVV�RI� RFFOXVLRQ�SRLQWV�� ,Q�QRLVHOHVV� LPDJHV� WKLV
H[FHVV� UDQJHV� IURP� ����� WR� D�PD[LPXP� RI� ������ZLWK� D
PHDQ�YDOXH�RI��������,Q�WKH�ZRUVW�FDVH��QRLVH� OHYHO������
WKH� PLQLPXP� SHUFHQWDJH� LV� ������� WKH�PD[LPXP� ������
DQG�WKH�PHDQ�YDOXH�LV�������)RU�&R[�DOJRULWKP��WKLV�YDOXH
LV�ELJJHU��UDQJLQJ�IURP�������WR�������ZLWKRXW�QRLVH�DQG
IURP� ������ WR� ������� 7KRVH� YDOXHV� DUH� FDOFXODWHG� ZLWK
UHVSHFW�WR�WKH�QXPEHU�RI�RFFOXGHG�SRLQWV�LQ�WKH�LPDJH�



2XU�DOJRULWKP�� LQFOXGLQJ� JUDGLHQW� FDOFXODWLRQ� IRU� ERWK
LPDJHV��SHUIRUPV������WLPHV�IDVWHU�WKDQ�&R[�DOJRULWKP��,Q
SDUWLFXODU�� DYHUDJH� WLPH� IRU� RXU� DOJRULWKP� ZDV� ���� PV�
ZKLOH� DYHUDJH� WLPH� IRU� &R[� ZDV� ����� PV�� 'LIIHUHQFHV
DPRQJ�GLIIHUHQW�UXQV�ZKHUH�DOZD\V�OHVV�WKDQ����PV��1RLVH

OHYHO�GRHVQ
W�DIIHFW�H[HFXWLRQ�WLPH��$YHUDJH�H[HFXWLRQ�WLPH
IRU�VLPSOHVW�FRVW�IXQFWLRQ�ZDV�����PV��$OO�UXQV�ZHUH�PDGH
IRU�D�GLVSDULW\�UDQJH�RI�����LQ�D�3HQWLXP�00;�DW�����0K]�
ZLWK����0E�RI�5$0�

0 20 40 60 80 100 120 140
30

40

50

60

70

80

90

test number

% correct matches

noise 0
noise 1
noise 10
noise 100
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)LJXUH����&RUUHFW�GLVSDULW\�YDOXHV�LQ�&R[�DOJRULWKP�IRU�GLIIHUHQW�QRLVH�OHYHOV�DQG�SDUDPHWHU�FRQILJXUDWLRQV�
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)LJXUH�����D��5HVXOWV�RI�RXU�DOJRULWKP��GLVSDULWLHV�VFDOHG�E\�����DQG�ZLWK�D�ELDV�RI�������E��(UURU�PHDXVHG��ZKLWH�PHDQV
FRUUHFW�RFFOXVLRQ�SRLQWV��EODFN�PHDQV�ZURQJ�RFFOXVLRQ�SRLQWV������LV�IRU�GLVSDULW\�HUURU����2WKHU�HUURV�DUH�UHSUHVHQWHG�DV

��������HUURU���DFFRUGLQJ�WR�HUURU�VLJQ���F��DQG��G��DUH�WKH�VDPH�DV��D��DQG��E��IRU�&R[�DOJRULWKP�

:H�KDYH�DOVR�WHVWHG�ERWK�DOJRULWKP�XVLQJ�VRPH�W\SLFDO
UHDO� LPDJHV�� SDUNLQJ� PHWHU� VHTXHQFH�� EDOO� DQG� HSL
VHTXHQFH��,Q�JHQHUDO��H[DFW�FRLQFLGHQFHV�DUH�DERXW�����RI
WKH� LPDJH�� DQG� DSSUR[LPDWHO\� ���� SUHVHQWV� D� GLIIHUHQFH
ELJJHU� WKDQ����:H�KDYH� VHHQ� WKDW� RXU� DOJRULWKP�SHUIRUPV
IDVWHU� WKDQ�&R[�DV� WKH�UDQJH�RI�GLVSDULW\�YDOXHV� LQFUHDVHV�
WKLV� LV� EHFDXVH� RXU� DOJRULWKP� LV� DSSUR[LPDWHO\� �� WLPHV
IDVWHU� WKDQ� &R[� ZLWKRXW� WDNLQJ� LQWR� DFFRXQW� WKH� WLPH� IRU
FDOFXODWLQJ�JUDGLHQWV�YDOXHV��ZKLFK�LV�RQO\�SURSRUWLRQDO�WR
LPDJH�VL]H��7KLV�VLWXDWLRQ�FDQ�EH�VHHQ�LQ�ILJXUH���

7R� ILQLVK� WKLV� VHFWLRQ� ZH� SUHVHQW� DQRWKHU� WHVW� IRU� RXU
DOJRULWKP�� :H� SODFHG� D� VWHUHR� SDLU� RQ� WRS� RI� RXU� %���
URERW� �
7UDVJX
��� :H� ORRNHG� WR� D� FRUQHU� RI� RXU� ODE�� 7KH
ILOLQJ�FDELQHW�ZDV�DERXW���PHWHUV�DZD\�IURP�WKH�FDPHUDV�
GLVWDQFH�EHWZHHQ�WKH�EDFN�ZDOO�DQG�WKH�IURQW�RI�WKH�FDELQHW
ZDV�����PHWHUV�DQG�WKH�WDEOH�ZDV�SHUSHQGLFXODU�WR�WKH�ZDOO
DQG�EHJXQ�����PHWHUV�EHIRUH� WKH� FDELQHW�� ,Q� WKLV� VLWXDWLRQ
ZH� PHDVXUHG� WKH� GLVWDQFH� XVLQJ� WKH� VRQDU� ULQJ� DQG� WKH
VWHUHR� SDLU�� :H� RQO\� SURYLGHG� WKH� UHVXOWV� IRU� RQH� OLQH�
FRPSDUDWLRQ�RI�DFKLHYHG� UHVXOWV� FDQ�EH� VHHQ�LQ� ILJXUH����
([HFXWLRQ� WLPH� ZDV� OHVV� WKDQ� ��� PV� IRU� ���� GLVSDULW\
YDOXHV�
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)LJXUH����([HFXWLRQ�WLPH�DV�D�IXQFWLRQ�RI�PD[LPXP
GLVSDULW\�DQG�LPDJH�VL]H

�� &RQFOXVLRQV

:H� KDYH� GHULYHG� D� FRVW� IXQFWLRQ� IRU� D� G\QDPLF
SURJUDPPLQJ�VWHUHR�DOJRULWKP��ZKLFK�SUHVHQWV� IDLUO\�JRRG
GLVSDULW\�HVWLPDWLRQV�IRU�D�ZLGH�UDQJH�RI�LPDJHV��([HFXWLRQ



WLPH�LV�ORZ�HQRXJK�WR�DSSO\� WKH�DOJRULWKP� LQ�DXWRQRPRXV
QDYLJDWLRQ�DSSOLFDWLRQV��)RU�GLVWDQW� REMHFWV� WKLV� DOJRULWKP
PD\� UHSUHVHQW� D� YDOXDEOH� VHQVRU� IRU� WKH� URERW� DV� VRQDU
GHFUHDVH� WKHLU� SHUIRUPDQFH�� :H� KDYH� DFKLHYHG� WKHVH
UHVXOWV� E\� ZHLJKWLQJ� WKH� VTXDUHG� LQWHQVLW\� GLIIHUHQFH
EHWZHHQ� FDQGLGDWH� PDWFKHV�� 7KH� ZHLJKWLQJ� IDFWRU� LV� DQ
DGDSWDWLRQ� RI� 6FKDUVWHLQ� PHDVXUH� RI� HYLGHQFH�� :H� KDYH
LQYHUWHG� DQG� QRUPDOL]HG� YDOXHV�� VR� WKDW� RXU� PRGLILHG
HYLGHQFHV� UDQJHV� IURP� �� IRU� D� FDQGLGDWH�PDFK� ZLWK� KLJK
DQG�HTXDO�JUDGLHQW�YDOXHV��DQG���IRU�SRLQWV�ZLWK�KLJK�DQG
RSSRVLWH� JUDGLHQWV�� ,Q� DGGLWLRQ� RFFOXVLRQ� SHQDOW\� LV� QRW
FRQVWDQW� IRU� WKH� HQWLUH� LPDJH�� &DQGLGDWH�PDWFKHV� ZLWK� D
ORZ� PRGLILHG� HYLGHQFH� YDOXH� DUH� SHQDOL]HG� ZLWK� H[WUD
RFFOXVLRQ�FRVW��DV�WKH\�DUH�SUREDEO\�D�JRRG�PDWFK�
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)LJXUH�����'HSWK�YDOXH�FRPSDULVRQ�EHWZHHQ�VWHUHR
DOJRULWKP�DQG�VRQDU��,PDJH�UHVROXWLRQ�LV�����[������7KH
VHOHFWHG�URZ�LV�PDUNHG�E\�D�JUHHQ�OLQH��ZKLFK�URXJKO\
FRUUHVSRQGV�WR�VRQDU�KHLJKW��2FFOXVLRQ�SRLQWV�KDYH�QRW

EHHQ�UHSUHVHQWHG�IRU�PRUH�FODULW\��2SWLFDO�D[LV�FRUUHVSRQGV
WR�DQ�DQJOH�RI�������UDGLDQV�

:H�KDYH�H[WHQVLYHO\�WHVWHG�WKH�UHVXOWLQJ�FRVW� IXQFWLRQ�
:H�KDYH�VKRZQ�WKDW�SDUDPHWHUV�DUH� HDV\� WR� WXQH��DQG� WKH
UHVXOWLQJ�DOJRULWKP�LV�TXLWH�UREXVW�LQ�WKH�SUHVHQFH�RI�QRLVH�

5HIHUHQFHV

>�@�5��%ROOHV��+��%DNHU��DQG�0��+DQQDK��7KH�-,6&7�VWHUHR
HYDOXDWLRQ�� ,Q� 3URF�� ,PDJH� 8QGHUVWDQGLQJ� :RUNVKRS�
SDJHV��������������

>�@� 5�� (�� %HOOPDQ�� '\QDPLF� 3URJUDPPLQJ�� 3ULQFHWRQ
8QLYHUVLW\�3UHVV�������

>�@� ,�� -��&R[��6��+LQJRUDQL��%��0��0DJJV�� DQV�6��%��5DR�
6WHUHR� ZLWKRXW� GLVSDULW\� JUDGLHQW� VPRRWKLQJ�� D
%D\HVLDQ� VHQVRU� IXVLRQ� VROXWLRQ�� ,Q� '�� +RJJ� DQG� 5�
%R\OH�� HGLWRUV�� %ULWLVK� 0DFKLQH� 9LVLRQ� &RQIHUHQFH�
SDJHV����������6SULQJHU�9HUODJ������

>�@� ,�-�� &R[�� $� PD[LPXP� OLNHOLKRRG� 1�FDPHUD� VWHUHR
DOJRULWKP�� ,Q� ,(((� &RQI�� 2Q� &RPSXWHU� 9LVLRQ� DQG
3DWWHUQ�5HFRJQLWLRQ��SDJHV���������������

>�@� ,�� -�� &R[�DQG� 6XQLWD� /��+LQJRUDQL� DQG� 6DWLVK� %�� 5DR
DQG� %UXFH� 0�� 0DJJV�� 0D[LPXP� OLNHOLKRRG� VWHUHR
DOJRULWKP��&RPSXWHU�9LVLRQ�DQG�,PDJH�8QGHUVWDQGLQJ�
&9,8���������SS�����������0D\�����

>�@�7��)U|KOLQJKDXV�DQG�-��%XKPDQQ��5HJXODUL]LQJ�3KDVH�
%DVHG� 6WHUHR�� LQ�� ,QWHUQDWLRQDO� &RQIHUHQFH� RQ� 3DWWHUQ
5HFRJQLWLRQ��,&35�
�����SS�����������9LHQQD�������

>�@� 7�� )U|KOLQJKDXV� DQG� -�� %XKPDQQ�� 5HDO�7LPH� 3KDVH�
%DVHG� 6WHUHR� IRU� D�0RELOH� 5RERW�� LQ�� 3URFHHGLQJV� RI
WKH� )LUVW� (XURPLFUR� :RUNVKRS� RQ� $GYDQFHG� 0RELOH
URERWV��SS����������������

>�@�6��6��,QWLOOH�DQG�$��)��%RELFN��'LVSDULW\�6SDFH�,PDJHV
DQG� /DUJH� 2FFOXVLRQ� 6WHUHR�� 0�,�7�� 0HGLD� /DE
3HUFHSWXDO� � &RPSXWLQJ� *URXS� 7HFKQLFDO� 5HSRUW� 1R�
����

>�@� '�� 6FKDUVWHLQ�� 0DWFKLQJ� LPDJHV� E\� FRPSDULQJ� WKHLU
JUDGLHQW� ILHOGV�� ,Q� ��WK� ,QWHUQDWLRQDO� &RQIHUHQFH� RQ
3DWWHUQ�5HFRJQLWLRQ� �,&35¶����� YROXPH� ��� SDJHV� ����
�����-HUXVDOHP��,VUDHO��2FWREHU�����
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)LJXUH�����6RPH�GLVSDULW\�LPDJHV�REWDLQHG�ZLWK�RXU�VWHUHR�DOJRULWKP��7KH�QXPEHU�DW�WKH�OHIW�UHSUHVHQW�WKH�VFDOLQJ�RI

LPDJH��$OO�GLVSDULW\�YDOXHV�KDV�DQ��LQLWLDO�RIIVHW�RI������PHDQV�RFFOXVLRQ�
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